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Abstract 

In the homogeneous space S0I3, a translation surface is parameterized by 
x(s, t) = a(s) * f3(t), where a and f3 are curves contained in coordinate planes 
and * denotes the group operation of S0I3. In this paper we study translation 
surfaces in S0I3 whose mean curvature vanishes. 
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1 Introduction 



The space S0I3 is a simply connected homogeneous 3-dimensional manifold whose 
isometry group has dimension 3 and it is one of the eight models of geometry of 
Thurston [10]. The space S0I3 can be viewed as R 3 with the metric 

( , ) = e 2z dx 2 + e~ 2z dy 2 + dz 2 , 

where (x,y,z) are usual coordinates of R 3 . The space Sol 3 endowed with the group 
operation 

(x, y, z) * {x, y', z') = (x + e~ z x', y + e z y', z + z'), 

is a unimodular, solvable but not nilpotent Lie group and the metric ( , ) is left- 
invariant ([11]). The fact that the dimension of the isometries group is low makes 
that the knowledge of the geometry of submanifolds is far to be complete. In this 
sense, the geodesies of space S0I3 are known ([11]). 

In the last decade, there has been an intensive effort to develop the theory of con- 
stant mean curvature (CMC) surfaces, including minimal surfaces, in Thurston 3- 
dimensional geometries. We refer the survey [3] or lecture notes [1] and references 
therein. Probably, among the Thurston geometries, the Lie group S0I3 is the most 
unusual space due to the non-existence of rotational symmetries. As a consequence 
of this absence of symmetry, one of the difficulties in this space is the lack of ex- 
amples of CMC surfaces. Very recently the classical Alexandrov and Hopf theorems 
have been extended in [2, 7], proving for each H e R the existence of a compact 
embedded surface of mean curvature H and being topologically a sphere. About 
compact CMC surfaces with boundary, see [5]. 

In this work we study minimal surfaces in S0I3, that is, surfaces whose mean cur- 
vature H of the surface vanishes. The family of minimal surfaces in S0I3 has been 
sketchily studied in the literature ([4]) and only some examples are known: the to- 
tally geodesic surfaces given by the planes ax + by + c = 0, which are isometric to the 
hyperbolic plane, and the horizontal planes z = zo, which are not totally geodesic 
and only for zq = 0, the surface is isometric to the Euclidean plane. In order to 
make richer this family, our interest is to find examples of minimal surfaces with 
some added property. In [6] the authors have found all surfaces with constant mean 
curvature that are invariant by uniparametric groups of horizontal translations. In 
the particular case that H — 0, it is proved the next 

Theorem 1.1. Consider the group of isometries G = {T s ; s G R} ; with T s (x, y, z) = 
(x + s,y,z). The only minimal surfaces invariant by G are the planes y = y , the 
planes z = z and the surfaces z(x, y) = log(y + A) + ji, A, /i e R. 
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Following in this search of new examples, the motivation of the present comes from 
the Euclidean ambient space. A surface M in Euclidean space is called a translation 
surface if it is given by the graph z(x,y) = f(x) + g(y), where / and g are smooth 
functions on some interval of the real line M. Scherk [8] proved in 1835 that, besides 
the planes, the only minimal translation surfaces are given by 



1 1 1 

z(x, y) = — log | cos (ax) | log | cos (ay) \ = — log 

a a a 



cos arc 



cos(ay) 



where a is a non-zero constant. In Sol 3 the group operation allows us give the 
following 

Definition 1.2. A translation surface M(a, (5) in Sol% is a surface parameterized by 
x(s,t) = a(s) * f3(t), where a : I —t Sol 3 , (3 : J — >■ Sol 3 are curves in two coordinate 
planes ofM. 3 . 



We point out that the multiplication * is not commutative and consequently, for 
each choice of curves a and (3 we may construct two translation surfaces, namely 
M(a,f3) and M(f3,a), which are different. The aim of this article is the study and 
classification of the minimal translation surfaces of S0I3. 



2 Basics on the Lie group Sol 3 



In the space S0I3, the dimension of its isometry group is 3 and the component of 
the identity is generated by the following families of isometries: 

(x,y,z) 1 — > (x + c,y,z) 

(x,y,z)\ — > (x, y + c, z) (1) 
(x, y, z) 1 — > (e~ c x, e c y, z + c), 

where cel. The Killing vector fields associated to these isometries are, respectively, 

d d d d d 

o x ay ox oy oz 

A left-invariant orthonormal frame {E\, E 2 , E 3 } in S0I3 is given by 



d d d 

E 1 = e- Z — , E 2 = e z — , E 3 = — . 
ox oy oz 
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The Riemannian connection V of S0I3 with respect to this frame is 



y El £i 


= — E 3 




= 


= -El 




= 




= E 3 


Ve 2 ^3 = — E 2 




= 




= 


V E3 E 3 = 



See e.g. [11]. Let M be an orientable surface and let x : M — > S0I3 an isometric 
immersion. Consider N the Gauss map of M. Denote by V the induced Levi-Civita 
connection on M. For later use we write the Gauss formula 



V X Y = V X Y + a(X, Y)N, a(X, Y) = (V X Y, N) 



(2) 



where X, Y are tangent vector fields on M and a is the second fundamental form of 
the immersion. For each p e M, we consider the Weingarten map A p : T P M — > T P M, 
where T P M is the tangent plane, defined by 

A p (v) = -Vx(N) 

with X a tangent vector field of M that extends v at p. The mean curvature of the 
immersion is defined as H(p) = (l/2)trace(A p ). We know that A p is a self-adjoint 
endomorphism with respect to the metric on M, that is, (A p (u),v)) = (u, A p (v)), 
u,v G T P M. Moreover, 

-(V X N,Y) = (V X Y,N). (3) 
At each tangent plane T P M we take a basis {e 1: e 2 } and let write 

A»( e l) = -^ei^ = a H e l + fl 12e2- 

A p (e 2 ) = -V e2 N = a 2i e 1 + a 22 e 2 . 

We multiply in both identities by e\ and e 2 and denote by {E, F, G} the coefficients 
of the first fundamental form: 



£ = (ei,ei), F=(ei,e 2 ), G=(e 2 ,e 2 ) 



Using (3), we obtain 



an 



-{V ei N, ei ) F 
-(V ei iV,e 2 ) G 
EG — F 2 



(JV,V ei ei) F 
(iV,V ei e 2 ) G 
EG — F 2 



«22 



E -(V e2 7V, ei ) 
F -(V e2 iV,e 2 ) 
EG — F 2 



E (iV,V e2ei ) 
F (iV,V e2 e 2 ) 
EG-F 2 



We conclude then 



1 G(N, V ei ei) - 2F(iV, V ei e 2 ) + £(iV, V e2 e 2 ) 



EG-F 2 

As we already mentioned, in this work we are interested in minimal surfaces; thus, in 
the above expression of H we can change N by other proportional vector N. Then 
M is a minimal surface if and only if 

G(N, V eiei ) - 2F(N, V ei e 2 ) + E(N, V e2 e 2 > = 0. (4) 

For each choice of a pair of curves a and (3 in coordinate planes, we obtain a kind 
of translation surfaces. We distinguish the six types as follows: 

M(a, 0) and M(/3, a), a C {z = 0}, /3 C = 0}, (type I and IV) 
M(a, (3) and M{f3, a), aC {z = 0}, (3 C {x = 0}, (type II and V) 
M(a, (3) and M{f3, a), aC {y = 0}, (3 C {x = 0}, (type III and VI) 

The idea in this paper is to consider the minimal surface equation (4) for each of 
the six types of surfaces emphasized above. Yet, we will discuss only the cases I, 
II and III, the computations for the other three being analogue. In each one of 
these cases, (4) is an ordinary differential equations of order two, which we have to 
solve. In this paper, we are able to solve equation (4) when the first curve lies in the 
coordinate plane z = and we complete classify the minimal translation surfaces 
of type I and II. With respect to the surfaces of the family of type III, equation 
(4) adopts a very complicated expression and we only give examples of minimal 
surfaces. The difficulty of this case reflects the absence of symmetries of the space 
S0I3, in particular, the fact the three coordinates axis are not interchangeable. The 
same problem appears when one studies invariant surfaces in S0I3, considering only 
those surfaces invariant under the first two families of isometries in (1), that is, 
translations in the x or y directions, but not by the third family of isometries in (1): 
see for example [9] for the case of umbilical invariant surfaces in S0I3 and in [6] for 
invariant surfaces with constant mean curvature or constant Gauss curvature. 



2.1 Classification of minimal translation surfaces of type I 

Since our study is local, we can assume that each one of the curves generating the sur- 
face M(a,/3) is the graph of a smooth function. Considering the two curves a(s) = 



5 



(s, /(s),0) and = (t,0,g(t)), the translation surface M(a,j3) parametrizes as 
x(s, t) = a(s) * (3(t) = (s + t, f(s),g(t)). We have 

ei = x s = (l,/ , ,0) = e^ 1 + /'e-^ 2 
e 2 = = (l,0,</) = e fl £i + </£ 3 
and an orthogonal vector at each point is 

N=(f'g'e~v)E 1 -g'e°E 2 -f>E 3 . 
The coefficients of the first fundamental form are 

E = e 2g + fe~ 2 \ F = e 2 \ G = e 2g + g' 2 . 
On the other hand, 

V ei ei = f"e-9E 2 + (f' 2 e- 2 9-e 2 9)E 3 
V ei e 2 = g'e 9 E 1 -fg / e^E 2 -e 29 E 3 
V e2 e 2 = 2g'e°E 1 + (g"-e 2 °)E 3 

and 

(iV,V eiei ) = -/"«/ - f 3 e- 2 ° + fe 2 \ 
(N,V ei e 2 ) = 2fg' 2 + fe 2 °, 
(N,V e2 e 2 ) = 2f'g' 2 -fg" + f'e 2g . 
According to (4), the surface is minimal if and only if 

-f"g' 3 - e 29 [f"g' + f'g' 2 + f'g'^J + e" W - g") = o. (5) 

We begin studying Equation (5) in simple cases. If / is constant, f(s) = yo, then 
M(a,j3) is the plane y = yo. If g is constant, g(t) = z$, the surface is the plane 
z = z . 

Remark 2.1. If we write the curves a and (5 as a(s) = (/(s),s,0) and /3(t) = 
(g(t),0,t), then the parametrization of M(a,j3) is x(s,t) = (f(s) + g(t),s,t). The 
Equation (5) is now 

f'g" - e 2 \-f"g> + f' 2 g' 2 + f' 2 g") + e'^g' 2 - g") = 0. 

Then if f and g are constant, then the surface is minimal. This means that the 
planes x = xq, xq G R, are minimal translation surfaces of type I. 
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From now on, we assume in (5) that f'g' ^ 0. We divide (5) by f' 3 g' 3 : 

f" c Jf 1 | 1 1 | 9" l) c - 2 ,9' 2 -9" _ Q 
I f>3g>2 ~ f' 2 g' g' 3 f' 2 i 



f 



(6) 



In (6), the first and third summands are sum of a function on s and other depending 
on t, respectively. Then, we differentiate with respect to s and t, and we get 



d 2 



dsdt 



VfV 2 fV g' 3 f' 2 ) 



0. 



This means 



f 3 J [ 9' 9 a ) f' 3 \ f 3 



9 



13 



9 



0. 



(7) 



1. Assume /" = 0. Then f(s) = as + b, with a, b e K. Equation (5) implies 

e 29 (g" + g' 2 ) = a^(-g" + g' 2 ). 

We do the change g(t) = h(t) + m, with e 4m = a 2 and next, ((t) = 2h(t). 
Then we obtain 2C"(e c + e _c ) = -C' 2 (e c - e~ c ), or 



2C"cosh(C) = -C' 2 sinh(C). 



A first integration implies 



C' 2 = 



cosh(C) 



, c> 0. 



Con- 



A second integration yields / ^ShCM CM dr = * + i, i 6 

t 

sider /(£) = ^ V cosh rrfr, which is a strictly increasing function. Hence, the 
equation I(C(t)) = ct has a unique solution ((t) = I~ l (ci). 

2. Assume g" — g' 2 = 0. Since g is not constant, the function g is g(t) = 
- log |i + A| + /I, A, n e K. Then (5) implies 

(1 + e 2 ^)f"(t + A) - 2e 2ti f = 0. 

This is a polynomial on t. Then /' = /" = 0: contradiction. 
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3. Consider f"(g" — g' 2 ) ^ 0. From (7), we conclude that there exists aGi such 
that / / 

f ) _ (g) + f + 2 ( 



f"\ A. — 9_ 

J73 J 9' ■ 



(a) Assume a = 0. Then /" = 6/ /3 for some constant b ^ 0. Then 1// /2 = 
—26s + c,cel On the other hand, the second equation in (8) writes as 



Then 



(S-?)' + 2 = °- < 9 > 



q" 1 
^ - - = -2t + d, deR. 

g/3 gl 



With this information about / and g, Equation (6) writes as 

g' 2 ' vr </; v/-' .7' 



^(l + £) +(a .-c)*(£ + i)-^(£-I)=0. (10) 



Since this expression is a polynomial equation on s, and because b ^ 0, 
the leading coefficient corresponding to s implies 

g" i 
— + — = o. 

g 6 g 

In combination with (9), we have 1/g' = t—d/2 and g(t) = \og(t—d/2)+a, 
a Gl. Now the independent coefficient in (10) is now 



/ d \ 2p~ 2a 

- b ( 1 + e >°(t- d -T)+f-j = 0. 



After some manipulations, we have a polynomial equation on t whose 
leading coefficient is be 2a . As it mush vanish, we arrive to a contradiction. 

(b) Assume o ^ 0. From the first equation in (8), we obtain a first integral: 
there exists 6^0 such that 

Jft- = be as . (11) 
Then we have that for some c G K, 

~ ! 6 e as + c. (12) 



2/' 2 a 
8 



Plugging (11) and (12) in (6), we have for any s 



-be" 



gl g>3J \gf gl. 



This is a polynomial on e as and thus the two coefficients must vanish. It 
follows that g satisfies the next two differential equations: 

If c = 0, then g" — g' 2 = 0, which it is impossible. Therefore, we assume 
that c ^ 0. We study the function g. From (8), we have a linear equation 
fc» r <P = jr ~ $s, namely, 

iff + atp - 2 = 0. 

The solution is 

V = --^- = - + Xe~ at , XeR. (15) 
9 9 A a 

Combining (15) with (14), we have 

2ce 2 H----\e- at ) +e - 2 °(- + \e- at ) =0. 
\g' a J \a J 

We deduce 

-, = — e ~ at - 49 (-l + 2ce 49 )(2e at + aX). (16) 
g' Aac 

Putting this value in (15) again, we have 

a\ + 4c 2 e 89W (2e at + aX) - 4ce 49(t) (3e at + aX)) = 0. 
This implies 

e 



4<?(t) _ 3e<lt + aX ± V9e 2a * + 4aXe at 



2c(2e at + aX) 

From here, we have two values for g. Without loss of generality, we take 
the sign + in the above expression (the reasoning is analogous with the 
choice — ). Together (16), we have: 

24e a * + llaA + W9e 2at + AaXe at + 3aXe~ at V9e 2at + AaXe at = 0. 
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This identity can be viewed as a polynomial equation on e at : 

108e 3at + 62a\e 2at - Ua 2 X 2 e at - 9a 3 A 3 = 0. 
As the leading coefficient must vanish, we get a contradiction. 

As conclusion, we have 

Theorem 2.2. The only minimal translation surfaces in Sol 3 of type I are the planes 
y = yo, the planes x = Xq, the planes z = zq and the surfaces whose parametrization 
is x(s, t) = a(s) * (3{t) — (s + t, f(s),g(t)) where f(s) = as + b, a,b G K, a ^ and 

1 rt 

g(t) = 2 /_1 ( ct ) + m ' = / ^cosh rdr, c> 0, e 4m = a 2 . 

2.2 Classification of minimal translation surfaces of type II 

Consider a in the plane z = and j3 in the plane x — 0. Again, assume that both 
curves are graphs of functions and we take ct(s) = (s, f(s), 0) and (5(t) = (0, t, g(t)). 
Consider the corresponding translation surface M(a, (3), which it is parametrized by 

x(s,t) = a(s) * P(t) = (s,t + f(s),g(t)). 

Similar computations as in the previous section give: 

ei = x s = (l,f,0) = e 9 E 1 + e- 9 fE 2 . 
e 2 = x t = (0,l,g')=e~ 9 E 2 + g'E 3 . 

The first fundamental form is 

E = e 2g + f' 2 e- 29 , F = f'e~ 29 , G = + g' 2 . 

Then iV = (/' 'g'e~ 9 )E\ — g'e 9 E 2 + E 3 is an orthogonal vector to M. The covariant 
derivatives are: 

V eiei = f"e-°E 2 + (f 2 e- 29 - e 2 °)E 3 
V ei e 2 = g'e 9 E 1 -f'g'e- 9 E 2 + e- 29 f'E 3 
V e2 e 2 = -2g l e- 9 E 2 + (g" + e- 29 )E 3 
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and their products by iV are 

<JV,V ei ei> = -/ V + f 2 e~ 29 - e 2 ° 

(N,V ei e 2 ) = 2f'g' 2 + f'e-^ 

(N,V e2 e 2 ) = 2g' 2 + g" + e- 2 °. 
Using (4), the surface is minimal if 



-f" 9 ' 3 + e~ 29 I f V - 9' 2 ) - f'g' 1 + e 2 %g" + g' 2 " 



0. 



(17) 



Assume /' = 0, that is, / is a constant function. The above equation reduces to 
g"+g' 2 = 0. If g' = 0, then g(t) = z is constant and the surface M{ot, (5) is the plane 
z = z . The non-constant solutions are given by g(t) — log \t + A| + /x, A,/iGl. 

Remark 2.3. ils m £/ie cases o/ translation surfaces of type I, we have that the 
planes x = x , with x e K. For this, we write a(s) = (/(s),0, s). T/ien the 
computation of (4) gives 

f'g' 3 + e- 2 * [f{g" - g' 2 ) + f'g') + f 3 e^(g" + g' 2 ) = 0. 

// / is constant, then satisfies the above equation, that is, the surface M(a,j3) is 
x(s,t) = (xo,t + s,g(t)), that is, the plane x = xq is a minimal translation surface 
of type II. 

We now suppose in (17) that f'g' ^ 0. We divide (17) by g' 3 , and we obtain 

- f+e -^f 3 -^- f l^ +e ^f 3 + ^) = . (18) 

As the first and last summands in the above expression are functions depending only 
on s and t, respectively, we differentiate with respect to s and t, and we have: 



d 2 



Then 



ff 



dsdt 



7 /3 



-2g 



f_ |_ f_^_ _ jl2 9 

g/2 gl g/3 



- ff 



,/2 



f 



7 /3 



or 




2/7" + 



1 



0. 



/" 



o, 



(19) 
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I. Assume /" = 0. Then f(s) = as + b, a,b G R. From (17), we have 

a 2 e^(g"-g' 2 ) + e 2 %g" + g' 2 )=0. 
The change of variables ((t) = 2(g(t) — m), e 4m = a 2 gives 



^ /2 = — hTTv c>0 
cosh(C) 

and this situation is analogous than the previous section. 

2. Assume g" + g' 2 = 0. Because g is not constant, then g'{t) = log(t + A) + /i, 
A,/i G R. Then Equation (17) implies 

(1 + e 2 ")/"(f + A) + 2f = 0. 

Thus /" = /' = and / is constant: contradiction. 

3. Assume f"(g" + g' 2 ) ^ 0. From (19), there exists a constant a G K such that 



I 9' 3 I J 2 + 2 

a = V {„ , : . (20) 



/7" 

y y 

(a) Case a = 0. Then /' (s) = 6s + c, with b, c G R, b ^ 0. Equation (17) 
leads to 

This polynomial equation on s implies that the leading coefficient must 
vanish. Thus g" — g' 2 = and so, g(t) = — \og(—dt + a), d, a G R, d ^ 0. 
The independent coefficient in (21) implies 

fcd(-cft + a) + — — — = 0, 



(-rft + a) 3 (-dt + a) 

or 

2d 2 - 6rf 3 (-rft + a) - db(-dt + a) 3 = 0. 
This implies db = 0: contradiction. 
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(b) Case a ^ 0. The first equation in (20) gives f" / f" = —af, a G R, and 
so, /" = be~ af with b ^ 0. Multiplying by /', we have /'/" = &/' e~ a/ 
and hence 



//2 = J2b e _ af 



c, cel. 



We put the value of / and their derivatives in (19), and we obtain 



-be- af 



<7 /2 a\<7 /3 gV Vg' 3 g'J \g'< 



9" , 1 



As /, b 7^ 0, we conclude 



•g' 3 g' 



0. 



9 1 2 / o" 1 \ 

-- 2 *(fH) +e29 (^H- 



s" j_ i 



(22) 



(23) 



For g, we have from (20) that if we put ip — ^ + jj, we have a differential 
equation <p' — cup + 2 = 0. We solve and we obtain 



^ + i ; = - + Ae- AG 



(24) 



By combining (23) and (24), we have 

2ce^(^ + - + Xe at )+e 
\ g' a J 

Then 



+ \e at = 0. 



g' a / \a / 

1 _ (2c+e 4 f)(2 + aAe a *) 
(?' 4ac 
We put this value of g' into (24) and we obtain 

a\e at+S9 + 4c 2 (2 + a\e at ) + 4c(3 + a\e at )e 4g = 0. 

Hence 

g{t) = -log( — (-(3 + a\e at ) ±V9 + 4a\e at )). 

4 V a\ / 

Now we calculate l/g' and we compare with (25), obtaining 



(25) 



4(6 + V9 + 4a\e at ) + aAe at (ll + 3^9 + 4a\e at ) = 0. 
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This expression can be written as 

36a 3 A 3 e 3a * + 56a 2 A 2 e 2a * - 248aAe a * - 432 = 0, 
which it is a contradiction. 

Theorem 2.4. The only minimal translation surfaces in Sol 3 of type II are the 
planes x = x , the planes z = z and the surfaces whose parametrization is x(s, t) = 
(s,t + f(s),g(t)) with 

1. f(s) = a and g(t) = log \t + A| + fi, where a, A, /i G M. 

2. f(s) = as + b,a^Oandg(t) = ^I^ 1 (ct)+m,withI(t) = f* Vcosh rdr, c > 0, 
e 4m = a 2 . 

2.3 Examples of minimal translation surfaces of type III 

For translation surfaces of type III, we assume that the generating curves are graphs 
of smooth functions and that a(s) = (s, 0, f(s)) and f3(t) = (0, t, g(t)). The transla- 
tion surface M(a, (5) is given by 

x(s,t) = (s,te f (s),f(s)+g(t)). 

We compute the mean curvature of the surface. The first derivatives are 

ei = x s = (l,tf'ef,f') = e^E 1 +tf'e-^E 2 + f'E 3 
e 2 = x t = (0,e f ,g') = e- 9 E 2 + g'E 3 . 

The coefficients of the first fundamental form are: 

E = e 2(/+9) + t 2 f' 2 e~ 29 + f' 2 , F = tf'e~ 29 + f'g', G = e~ 29 + g' 2 . 

A normal vector N is 

N = f{\ - tg')e-^E 1 + g'e 9 E 2 - E 3 . 

The covariant derivatives are 

V ei ei = (2fef +9 )E 1 + t(f" - f' 2 )e' 9 E 2 + (/" - e 2 ^ + t 2 f' 2 e - 29 )E 3 . 
V ei e 2 = g'ef +9 E 1 -tf'g'e- 9 E 2 + tf'e- 29 E 3 . 
V e2 e 2 = -2g'e-9E 2 + (g" + e' 29 )E 3 . 
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Multiplying by N, we get 

(N, V ei ei> = 2f 2 - 3tf 2 g' + t/V - /" + e 2(/+9) - t 2 f V 2 *. 

(7V,V ei e 2 ) = f g >-2tfg' 2 -tf'e- 2 9. 

(N,V e2 e 2 ) = -2g' 2 -g"-e- 2 °. 
Then (4) writes as 

-e 2 ^\g" + g' 2 ) + e" 2 * (V/V + f - t 2 f' 2 g" - 3tf' 2 g' + f/V - /" 

-2/V + tf 2 g « + 1/ v - f"g' 2 - f 2 g" = 0. (26) 

In this section, we give examples of minimal translation surfaces of type III by 
distinguishing some special cases: 

1. Assume / is constant. Then (26) implies g" + g' 2 = 0. If ^ is constant, 
the surface is a horizontal plane z = Zq; the non-constant solution is g(t) = 
log \ t + A | + n with A, n G R. Moreover M(a,/3) is an invariant surface. 

2. If g is a constant function, then (26) leads to e~ 29 (f' 2 — f") = and so, / 
is constant and the surface is a horizontal plane z = z ; the non-constant 
solution is f(s) = — log \s + A| + /i, A, /i e R. 

3. Assume tg r — 1 — 0, then g(t) = log \t\ +//,// e R. In such case, Equation (26) 
is satisfied for any function /,. 

4. Assume /" = 0, that is, f(s) = bs + c for some constants 6 7^ 0, c G R. 
Equation (26) writes as 

-e 2 ^ +a \g' 2 + g") + 6 2 (-2(? /2 + t^' 3 - g") + 6 2 e - 2ff (l - 3tg' + t 2 (? /2 - t 2 (?") = 0. 

In particular, —e 2 ^ +9 \g" + g' 2 ) is a function depending only on t. Because 
b ^ 0, then + g' 2 = 0, and so, g(t) = log |i + A| + //, A, /i G R. With these 

expressions for / and g in (26) we obtain \b 2 e~ 2 ^((l + e 2fl )t + \(e 2fl — l)j = 0. 

This is a polynomial on t, hence A = 0. Then tg' — 1 = 0, and this case is 
contained in the previous one. 

5. Assume g" + g' 2 = 0. Because g is not constant, then g(t) = log \ t + A| + [/,, 
with A, /i G R. Now (26) writes as 

A ( (A(-l + e 2 ^) + (1 + e 2 ^)t)/' 2 + (1 + e 2 »)(t + \)f" ) = 0. 
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If A = 0, then tg' — 1 = and this case has been studied. If A ^ 0, we have a 
polynomial on t obtaining a couple of differential equations, namely, 

(-l + e^)/ ,2 + (l + e^)r = 0, and /" + f 2 = 0. 

Hence /' 2 = and / is a constant function. This case is contained in the first 
one studied in this section. 



Before to state the next result, we point out that if one considers the curve a given 
by a(s) = (f(s), 0, s), then the surface parametrizes as x(s, t) = (f(s),te s , s + g(t)). 
The minimality condition is now 

-e 2 ^f'\g" + g' 2 ) + e^ [f< (t 2 g' 2 - 1 + t 2 g" - 3tg') - f"(tg' - 1)) 
+f'(-3tg«-g") + f"g' 2 (l-tg>) = 0. 

For this equation, the function f(s) = xq is a solution for any g. This means that 
the surface is the vertical plane x = xq. 

Proposition 2.5. Examples of minimal translation surfaces in Sols of type III are 
the planes z = z , the planes x = xo and the surfaces whose parametrization is 
x(s,t) = (s,tef , f(s) + g{t)) with 



1. f(s) = a, and g(t) = log \t + A| + /i, a, A, /i e R. 

2. f(s) = — log \s + A| + /!, g(t) = a, a, A, /i e R. 

3. g{t) = log \t\ + fi and f is any arbitrary function. 

In the general case of (26), that is, if f"g'(tg' — l)(g" + g' 2 ) ^ 0, we divide the 
expression (26) by f' 2 e~ 2g {tg' — 1), and we write 



/« tg' - 1 ^ 



tg'-l 



+ 



r 
f2 



(l + e 2 V 2 ) 



0. 



(27) 



We differentiate with respect to s, and taking into account that the expression in 
the brackets is a function on t, we obtain 



d_ 

ds 



Y 2t 



r2 



hi 



f" 



9" + 9 



tg'-l f 



12 



1 + e 2 y 2 



0. 
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This means 

-(?)V1^) + (£)V^H- , 28 , 

Since f"/ f' 2 cannot be a constant, we deduce from (28) that there exists aGl such 
that 



772- 1 I _L_ e 29 '2 

J 7 = *= J** ■ (29) 



II) „ io g +9 

f/2 J e 9 



tg'-l 

If a = 0, then 1 + e 2g g' 2 = 0, which it is not possible. Thus, a ^ 0. From (29), we 
have 

r =a r + " 

^ - 1 

with 6 e M an integration constant. Finally, using both equations, (27) can be 
written as 

(b - a)g' 2 e e9 + (a + b- 2atg' + g' 2 )e A9 + (1 + t 2 g' 2 )e 29 + t 2 = 0. (30) 

At this point we notice that the other minimal translation surfaces of type III should 
satisfy the previous equation. 
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